Introduction. This article is based upon a principle which is so standard that it is almost a cliché: The first step to understanding a nonlinear phenomenon is to define and study a suitable linear approximation. To be more specific, we shall describe some applications of this to the symmetry questions of topological transformation groups.
Given a topological space X, let Homeo(^) denote the set of self-homeomorphisms of X. This is a group under composition of mappings. If G is an arbitrary group, then a group action of G on I is a homomorphism <p: G -> Homeo( X). Frequently we wish to impose some weak assumptions on <p. For example, if G is a topological group, then we might want cp to have suitable continuity properties. The usual assumption is that the map
fi.GXX^X, p{g,x) = q>(g)[x] 9
is continuous; if G has the discrete topology, then this condition is automatic. Also, it is often convenient to avoid homomorphisms that are in some sense degenerate. For example, every group maps into Homeo^) by the constant homomorphism, but for many purposes this trivial sort of group action is uninteresting. The standard procedure is to limit attention to infective homomorphisms (= effective group actions) unless stated otherwise. Smooth actions. If X is in fact a differentiable manifold with smooth structure (say)^, it is often useful to consider group actions that are smooth in an appropriate sense. By this we mean that G is a Lie group, <p maps G into the group Diff(^T) of diffeomorphisms of X (a subgroup of Homeo(X)), and the map ju is smooth. The following classical result shows one context where smooth group actions arise in geometry:
THEOREM (COMPARE W. Y. HSIANG [48 P . 100]). Let X be a compact smooth Riemannian manifold. Then the set of isometries ISO(Z) is a Lie group, and the obvious homomorphism ISO(X) -» Homeo(^f) defines a smooth action. D Equivalent group actions. In virtually every mathematical context one needs a criterion for saying that two mathematical structures are essentially the same. For group actions the appropriate notion of {topological) equivalence is a homeomorphism h e Homeo(Jf) such that
<P'(g) = h<p(g)h-\ all g <E G.
This is equivalent to the relation <p'(g)h = hy(g), and h is often called an equivariant homeomorphism from (X 9 <p) to ( X, <p'). Similar remarks apply to smooth actions, the main difference being that h is takentobeinDiff(X). REMARK. A result of de Rham shows that L is faithful; two linear actions are smoothly equivalent if and only if their representations are linearly equivalent [28] (also Rothenberg [84, Theorem 4.3, p. 300]). Incidentally, the corresponding statement is false if we replace "smoothly equivalent" by "topologically equivalent" (see How, then does one define a linear approximation to an arbitrary action on S n l There are basically two possibilities: (A) Define approximations using algebraic topology.
(B) Define approximations using geometric topology. Our next order of business is to describe the mathematical substance behind these formal statements.
A Igebraic-topological approximations. We shall illustrate the basic ideas when G = Z 2 . Let T be the nontrivial element of Z 2 . If <p is a Z 2 action on S"\ let Fix((p) be the action's fixed point set. If <p is a linear action, then it is a routine exercise to verify that Fix(cp) = S k for some k < n and the degree ris (-\) n~k . D Using this result it is trivial to construct a linear model for <p. If I(m) represents the m X m identity matrix, then the linear approximation is defined by the (n + 1) X (n + 1) matrix
In other words, we take the representation <p' : Z 2 -> 0" +1 with <p'(T) = B n _ k .
There are some well-behaved classes of compact Lie groups to which one can extend these ideas at least partially. Versions of Smith's result are valid for actions of finite /?-groups (where p is any prime) and torus groups. This is best done using Borel's reformulation of Smith's results (the definitive reference is the Borel seminar book [8] ).
Here is the basic idea. Let <p be an action of G on S n , and let G -> EG -> BG be the universal principal G-bundle. Then we may form the associated fiber bundle with fiber S n via [49, 51] ; the key idea is to restrict the action of G to the maximal torus. In another direction, it is sometimes possible to piece together a linear approximation to an action from linear approximations on subtori; this is considered in work of R. W. Sullivan [115, 116] .
Geometric-topological approximations. We now assume that the compact Lie group G acts smoothly on S n . In this case we have the following fundamental result due to S. Bochner [7] (also see Bredon' Hence F is either connected or has the cohomology of S°. Since F is a union of orientable submanifolds, the latter implies that F = S°. However, if the fixed point set is S° one can apply the fixed point formula of Atiyah and Bott [7] , and by [7, §7] one knows that the representations at the two fixed points are equivalent. D
The discussion above assumes explicitly that the action has at least one fixed point. If the action cp has no fixed points, it is sometimes still possible to construct a linear approximation or something that looks very much like one. Suppose there is a family { Hj } of closed subgroups of G with the following properties:
(i) The conjugates of the Hj generate G.
(ii) For each H J9 the fixed point set of Hj is nonempty. These conditions yield representations p y of H h9 and frequently there is at most one representation p with p\Hj = p y . The problem is to find this representation if it exists. Even if such a representation p does not exist, it may be possible to define a "generalized representation" by some formal device; for example, one might obtain a rational linear combination of real representations.
EXAMPLES. 1. G is connected, H is a maximal torus, and the sphere is even dimensional (see [12, Chapter II], for a proof that H has a nonempty fixed point set). This case was studied extensively by W. Y. Hsiang (e.g., [49, 51] ).
2. G is an r-torus, { Hj} is a judiciously chosen finite family of (r -l)-subtori. Even if G acts without fixed points, cohomological methods imply that finitely many (r -l)-subtori have nonempty fixed point sets (compare W. Y. Hsiang [49, p. 276]). The objective is then to fit the representations p 7 together to obtain a representation of G or something close. This problem was studied by R. W. Sullivan [115, 116] .
3. Suppose G = S0 3 and take the family of subgroups (0 2 , symmetry group of the standard cube}. This case was studied in great detail by R. Oliver [69] for actions on disks.
FINAL 3. Analysis of actions with a given approximation. Suppose now that we are given a smooth G-action <p on S n with linear approximation on <p' . It is natural to consider the similarities and differences between <p and cp'. During the past two decades the methods of algebraic and geometric topology have provided a great deal of insight into two phases of analyzing y with respect to <p': (ii) Each g e G maps the vector space V x over x e N linearly to the vector space V gx over gx (see Figure 1) The proof of the second sentence in 4.3 is elementary, but not written down explicitly in a prominent place, so we do so here. If the linear action <p on S n has a A:-dimensional sphere as its fixed point set, then the underlying representation <p 0 on R n+1 splits as a product R* +1 X (R"~\ \p) 9 where cp is as described in 4.3. Define a map h:
(e unit sphere in R* +1 X R*-*) (see Figure 2) .
*n-k *k+l FIGURE 2 Let k: R n -* Int D n be the diffeomorphism
k(y)=y/(l + \y\),
and set h*{x, y) = h(x, k(y)). Then h* defines a diffeomorphism from S k X R n~k onto an invariant neighborhood of S k . Under h* the G-action corresponds to the action on^xR""^ via [4,(g) If k = dim F is even, the complex vector bundles in (4.6) all have rational Chern classes; these He in H k (F, Q) = Q (see Milnor and Stasheff [64] ). These characteristic classes can be studied via the Atiyah Singer G-signature formula [5, §6] and some number theoretic computations. The following result of J. Ewing [39] provides an important condition on these classes. The restriction dim F # 2 is curious but need not concern us here; if dim F = 2 and F is an oriented mod p homology sphere, then F must be diffeomorphic to S 2 by the classification theory of oriented surfaces (e.g., see Hirsch [44, Chapter 9] ).
Conditions (4.4)-(4.7) are in fact very close to being sufficient for realizing F k as a fixed point set. For the sake of simplicity we restrict attention to the case where n > 2k (i.e., the general position on gap hypothesis range). Forthcoming papers of A. Assadi and W. Browder [3] and S. Cappell and S. Weinberger [20] shed considerable light on the case n < 2k.
If n > 2k, then by the Whitney embedding theorem F embeds smoothly in S n . This smooth embedding has a normal bundle that we shall call v. We use this notation in stating the following converse to (4.4)-(4.7). The initial results and key insights were due to L. Jones [53, 54] By "almost" we mean that E-{pt} is diffeomorphic to F-(pt); it follows that E and F are homeomorphic by taking one-point compactifications.
The "almost diffeomorphism" condition is very curious. If p is odd and n < kp, by results of P. Löffler [60] [55] and the solution of the Segal Conjecture [58, 59] (see [1] for an overview).
Actions of more general groups. In linear representation theory one begins by describing basic properties of representations of finite cyclic groups. Once these properties seem relatively well understood, the next step is to study the corresponding questions for representations of increasingly wider classes of groups. The analogous approach is frequently meaningful and appropriate for nonlinear actions on spheres. For example, the P. A. Smith 
theorems on 7j p actions have numerous extensions to actions of finite /^-groups (compare Bredon [12]). This suggests one general pattern of inquiry: (4.9) Given a result on 7u p actions, to what extent does it extend to actions of a broader class of finite groups!
In view of Theorem 4.8 we have a natural test case-namely, the description of fixed point sets of smooth G-actions on S n . We split the discussion into three parts.
1. Semifree actions. A G-action is semifree if each x is either (a) fixed under all of G, (b) not mapped to itself by any element of G except the identity. Since G x = { g G G\ gx = x} is a subgroup, it follows that every Z p -action is semifree (there are only the two obvious subgroups). A group G acts semifreely with nonempty fixed point set if and only if it admits a free linear representation (gv = v and v =£ 0 imply g = 1). Therefore the set of all such groups consists of closed subgroups of S 3 and the classical spherical space form groups as described in Wolf [122] ). It appears likely that Weinberger's methods will lead to considerable progress in this study of fixed point sets of /?-group actions.
<>(F)--I,(-l)'[Pi(i)]eK Q (Z[G]),
3. Actions of non-p-groups. In contrast to cases 1 and 2, there are no theorems of P. A. Smith type to restrict the fixed point structure. The failure of Smith theory for G = Z 6 was already noted by E. E. Floyd in the 1950s [40] . Results of Oliver [69] provide an excellent basis for understanding the structure of fixed point sets for non-/?-group actions. The work of Assadi [2] There has been a great deal of progress on understanding fixed point sets of non-/?-group actions in the past dozen years. However, very much remains to be learned.
Homotopy linear actions:
The basic setting. The viewpoint of this section is almost completely opposite to that of the previous section. We wish to describe all actions whose fixed point structure agrees with that of the linear approximation. As noted in §3, if G = Z p then the viewpoints of §4 and this section provide a fairly comprehensive description of all possible Z p actions.
The terms "homotopy linear" and "semilinear" first appear explicitly in papers of torn Dieck [ [83] ) began a systematic study of actions that were semilinear and semifree.
Formal definition. Let <p 0 be a linear representation of G on R" +1 . If H is a subgroup of G, then Fix(#,R w+1 ) is a vector subspace; denote its dimension by n(H) + 1. Assume n(H) ^ 0. A smooth G-action <p on a smooth manifold 2" is said to be (p-homotopy linear (or semilinear) if the following hold:
is homotopy equivalent to S 1 . The second assumption is often irrelevant, but it does allow us to avoid any possible problems with knot theory.
The following result explains the term "homotopy linear". PROPOSITION [56] ; this work has had very far-reaching implications for geometric topology. Therefore it seems reasonable to extend as much of the Kervaire-Milnor classification as possible to study <p-homotopy linear «-manifolds.
Let 2 M be a (p-homotopy linear sphere, and assume that x e 2 is a fixed point with linear approximation satisfying p(x) ® R = <p (as representations). Then 2" is G-equivariantly homotopy equivalent to the linear action (S n , <p
The most elementary step in the Kervaire-Milnor program is to define a group operation on diffeomorphism classes of exotic spheres. This is done using the notion of connected sum (compare Bröcker and Jànich [15, Chapter 10]). Given two disjoint exotic spheres S x and S 2 , one takes closed disks Figure 3 ).
This description is slightly inaccurate because we must be careful about orientations; both S x and S 2 are assumed to be oriented, and the diffeomorphisms fi'. D n -> D t must be chosen so that one preserves orientation and one reverses orientation. Without these precautions the connected sum is not well defined.
One can proceed similarly with homotopy linear <p-spheres. In this context the disks D t are taken to be <p-linear disks centered at fixed points of the action. Once again it is necessary to be careful about orientations; in fact, one needs a suitable concept of equivariant orientation which is slightly tricky but not ^ s 2 , it is reasonable to analyze them using similar methods. Therefore it is appropriate to recall two major points in the Kervaire-Milnor program; we shall do so in slightly different terms that are equivalent to those of [56] (compare Levine [57] ).
Let F be the limit of the sequence 
Thus we can form
The homotopy of F/O is recoverable from the exact sequence where J is the Hopf-Whitehead 7-homomorphism, and irf denotes the «th stable homotopy group of spheres (compare Toda [118] ). This sequence is useful because the results of Kervaire and Milnor [56] lead to the following conclusion.
THEOREM 6.1 (Kervaire and Milnor, unpublished sequel to [56] ; see also Levine [57] ). The codomain of m is given by homotopy theory, and the domain of A is essentially given by surgery theory. We would like a sequence similar to 6.1 for the study of 0 G (<p). Unfortunately, this problem seems out of reach in complete generality. Therefore we shall specialize to the case G = Z .
The results of Browder-Petrie [17] , Rothenberg-Sondow [85] , and others yield the following conclusions on the computation of 0 G (<p) when G = Z . Such results would be especially valuable for actions of ^-groups on S n . As we have already noted, Smith theory implies that all such actions satisfy a weak analog of homotopy linearity-namely, the fixed points sets of subgroups are all homology spheres, (see Dotzel and Hamrick [32] for further analogies with linear representations). As in the case G = Z p , a good knowledge of the semilinear case, plus fixed point information as in §4, should lead to a fairly complete analysis of all smooth actions of finite ^-groups on S n with nonempty fixed point sets.
7. Uniqueness of linear approximations. It is not clear exactly when the uniqueness question for linear approximations first arose, but in any case the problem was posed explicitly in a 1960 article by P. A. Smith [112] ; to be specific, he formulated the question in terms of actions with two fixed points. Of course, since the fixed set of a p-group action is connected or two points ([12] once again) and the linear approximations are constant in the connected case, the two-fixed-point case is the only nontrivial one for /^-groups.
As mentioned in Theorem 2.8, if G = Z p acts with two fixed points x and y then the representations p(x), p(y) are equivalent by the Atiyah-Bott fixed point formula. In fact, one can generalize 2.8 to arbitrary ^-groups provided p is odd. For example, if the fixed set is precisely {x 9 y} and G acts freely off (x, y} 9 then this was observed by Milnor (see [7] ). [114] and Cho [21] .
The Cappell-Shaneson examples are particularly easy to describe, so we shall give one of their pairs explicitly. If T denotes the generator of Z 4 r, then one can take p(x), p(y) to be the 9-dimensional representations
where 4 Rot(0) means a block sum of four copies of the 2 X 2 rotation matrix cos 0 -sin 6 \ sin 6 cosOj Results for more general groups. Many questions remain to be solved. With the techniques currently available, and a few more insights, it might be possible to find (7-actions with nonunique linear approximations for large families of highly nonabeuan finite groups. On the other hand, for even order cyclic groups our knowledge of the possible pairs (p (x\ p(y) ) is still incomplete in many important respects. Specific questions are discussed in [109, §7].
8. Final remarks. In assessing our current knowledge of nonlinear smooth actions on spheres, it may be helpful to give a vague analogy involving linear representations. It seems to me that present knowledge in the nonlinear case corresponds roughly to representation theory through the level of Schur's lemma. We already know a significant amount, especially for certain abelian groups, and existing techniques will certainly add to our knowledge. However, much remains to be discovered, and a more complete understanding will almost certainly include some concepts and insights that we cannot presently anticipate.
